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Abstract
It is proved that: (1) every Lie group G can act properly (in sense of Palais) on each infinite-
dimensional Hilbert space l2(τ) of a given weight τ such that (G, l2(τ)) becomes a universal G-space
for all metrizable proper G-spaces admitting an invariant metric and having weight  τ ; (2) every
Lie group G can act properly on Rτ \ {0} such that (G,Rτ \ {0}) becomes a universal G-space
for all Tychonoff proper G-spaces of weight  τ ; (3) there is a dispersive dynamical system on l2,
universal for all separable, metrizable, dispersive dynamical systems having a regular orbit space.
Other universal proper G-spaces are constructed. As a corollary a shorter proof of Palais’ invariant
metric existence theorem is obtained. The metric cones con(G/H), withH ⊂G a compact subgroup,
are the main building blocs in our approach.  2002 Elsevier Science B.V. All rights reserved.
AMS classification: 22F05; 57S20; 54H20; 54C25; 54C55
Keywords: Universal proper G-space; Dispersive dynamical system; Orbit space; Equivariant
embedding; Hilbert space; Tychonoff G-cube; G-ANE space
0. Introduction
The concept of a proper G-space under consideration (G is a locally compact Hausdorff
group) was introduced in 1961 by Palais [35] with the purpose to extend a substantial
part of the theory of compact transformation groups to locally compact ones. A G-space
is said to be proper [35, Definition 1.2.2] if every point x ∈ X has a neighborhood Vx
such that for any point y ∈ X there is a neighborhood Vy with the property that the set
〈Vx,Vy〉 = {g ∈ G: gVx ∩ Vy 
= ∅} has compact closure in G. Clearly, if G is compact
every G-space is proper. In case G is discrete and X is locally compact the notion of a
proper action is the same as the classical notion of a properly discontinuous action. When
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G=R, the additive group of reals, proper G-spaces are precisely the dispersive dynamical
systems with a regular orbit space. Such systems on separable, metrizable phase spaces
are just the parallelizable ones (cf. [19]). Another notion of properness of a G-space is
discussed in Section 1.
Palais extended one of the most fundamental facts of the theory of G-spaces when
G is a compact Lie group, to the case of arbitrary Lie group proper actions. Namely,
Proposition 2.3.1 in [35] says that there is a “slice” through each point of a proper G-space
(a weaker related result is due to Koszul [27, p. 139]). Moreover, a Tychonoff G-space X
is proper iff the following three conditions are fulfilled simultaneously:
(a) the stabilizer Gx is compact for every point x ∈X,
(b) there is a slice at every x ∈X,
(c) the orbit space X/G is Tychonoff.
The Slice Theorem allowed Palais [35, §4] to generalize Mostow’s theorem [32] on
equivariant embeddings into finite-dimensional linear G-spaces (for closed embeddings
see [17]). Further thorough analysis of proper Lie group actions on smooth manifolds led
Illman [24] to a solution of the remaining open part of Hilbert’s fifth problem concerning
Lie group actions on manifolds.
Another equivariant embedding theorem established by Palais [35, Theorem 4.3.3] states
that if G is a Lie group then every separable, metrizable, proper G-space X admits
an equivariant embedding into a separable Hilbert G-space H(X) on which G acts by
orthogonal operators.
In this work we deal with universal proper G-spaces. We recall that a G-space Z is said
to be universal for a class G-K of G-spaces if Z ∈G-K and for each X ∈G-K there is a
G-embedding X ↪→ Z.
One of the goals of the present paper is to establish (constructively) for an arbitrary
Lie group G the existence of a proper G-action on infinite-dimensional Hilbert space l2,
such that the G-space (G, l2) is universal for the class of all separable, metrizable, proper
G-spaces; besides (G, l2) is an equivariant absolute extensor, or shortly, a G-AE (The-
orem 3.8). Analogous results in arbitrary weight are also established (see Theorems 3.4
and 3.7 for Tychonoff proper G-spaces, and Theorem 4.1 and Corollary 4.5 for metrizable
proper G-spaces).
It is appropriate to note here that universal G-spaces were constructed earlier for
different classes of G-spaces (in general, not proper) in [4,7,8], where some equivariant
versions of Tychonoff embedding theorem were obtained.
In all these works G is at least a locally compact, σ -compact group, and the role of
“equivariant unit segments” (the edges of a Tychonoff G-cube) in the category G-Top
of all G-spaces played compact, convex, invariant subsets of suitable Fréchet G-spaces
equipped with linear actions of G. Although they are topologically simple objects (each of
them is homeomorphic either with a finite-dimensional, closed unit ball or with the Hilbert
cube), the actions of the group G on them may be complicated enough.
A wider nice class of topological groups provide the so-called ℵ0-bounded groups
introduced by Guran. Recall that a topological group is ℵ0-bounded if it can be covered
by countably many left translations of any neighborhood of its unity. The author in [9]
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and Megrelishvili in [29] established for any ℵ0-bounded group G, that every G-
Tychonoff (i.e., having a Hausdorff G-compactification) space X of an infinite weight
τ can be embedded equivariantly into a G-space (G, Iτ ) with I τ the Tychonoff cube
of weight τ . However, in both papers the ambient G-space (G, Iτ ) is not universal in
the above mentioned sense; the question on the existence for an arbitrary ℵ0-bounded
group G of a universal compact G-space of a given weight, still remains open (see
the final question in [9]). By the way, the papers [9,29] contain two alternative proofs
of Uspenski’s theorem [38] on the universality of the topological group H(Iℵ0) of all
autohomeomorphisms of the Hilbert cube Iℵ0 .
We mention here also a recent work by Hjorth [22], where for G a separable metrizable
group it is constructed a Polish (i.e., completely metrizable, second countable) G-space,
universal in the class of all separable metrizable G-spaces. Observe that Hjorth’s universal
G-space can not be G-Tychonoff wheneverG is non-locally precompact; this follows from
a result by Megrelishvili and Scarr [30], according to which for any separable, metrizable,
non-locally precompact group G there exists a non-G-Tychonoff, separable, metrizable
G-space.
The second goal of the paper is to suggest for G an arbitrary Lie group (Lie groups are
assumed to be second countable), simpler objects in G-Top, which play more adequately
the role of the unit segment or of the real line in this category. For every compact subgroup
H ⊂ G let con(G/H) be the cone over G/H equipped with the weak (metric) topology
and with the action of G by left translations on levels. It turns out that these G-spaces
con(G/H) are sufficiently informative objects. Although the cones con(G/H) are non-
proper G-spaces unless G is compact, they provide the simplest and very useful building
material for proper G-spaces. Let us mention the following evident advantages of the
cones:
(1) con(G/H) is finite-dimensional;
(2) con(G/H) is a G-AE for separable, metrizable, proper G-spaces (Corollary 2.4);
(3) con(G/H) has the simplest orbit type structure (only two orbit types) among all
non-trivial metric G-AE spaces.
Our Theorem 3.1 states that on each Tychonoff proper G-space there are sufficiently
many equivariant maps into cones con(G/H) in the following sense: for every closed set
F ⊂X and any point a ∈X \F there is an equivariant map f :X→ con(G/Ga) such that
f (a) 
= θ and f (a) /∈ f (F ) (here θ is the vertex of the cone and Ga stands for the stabilizer
of the point a). Although con(G/H) is not proper when G is non-compact, for any family
of compact subgroups {Hα} the G-space(∏
con(G/Hα)
)
\ {∗},
with ∗ the unique G-fixed point in ∏ con(G/Hα), is a proper G-space (Proposition 2.5).
The universal proper G-spaces constructed in Sections 3 and 4 are namely of this
form. Using fundamental results of Klee [26] and Torun´czyk [36] we then show that
our universal metrizable proper G-spaces are topologically Hilbert spaces (separable
or not). Our universal Tychonoff proper G-spaces are homeomorphic to Rτ \ {0}. The
method developed here allows to control in some sense the orbit type structure of the
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ambient G-space. In particular, each free, Tychonoff, proper G-space of weight  τ can
be equivariantly embedded into a universal free, proper G-space, whose phase space is
homeomorphic to Rτ \ {0} (Corollary 3.5). In metrizable case the corresponding universal
phase space can be assumed to be a Hilbert space l2(τ ) of weight τ (Corollary 4.6). This
yields the existence of a universal dispersive dynamical system on l2 (Corollary 3.9). We
give also a shorter proof of Palais’ result [35, Theorem 4.3.4] on the existence of G-
invariant metrics (Corollary 3.10).
1. Preliminaries
Throughout the paper all topological spaces and topological groups are assumed to be
Tychonoff (= completely regular and Hausdorff). All equivariant or G-maps are assumed
to be continuous. Lie groups always are assumed to be second countable.
The basic ideas and facts of the theory of G-spaces or topological transformation groups
can be found in Bredon [14], Palais [34] and de Vries [37]. Our basic reference on proper
group actions is the Palais’ article [35]. Other good sources are [1,2,17,24].
For a given topological group G and a class G-K of G-spaces we will denote by
G-AE(K) (respectively G-ANE(K)) the class of all G-equivariant absolute (respectively
neighborhood) extensors for G-K. This concepts are straightforward extensions to the case
of G-spaces of the corresponding concepts of ordinary AE and ANE spaces (for equivariant
theory of retracts see, for instance, [5,6]).
For the convenience of the reader, we recall however some more special definitions and
facts below.
By a G-space we mean a triple (G,X,α), where G is a topological group, X is a
topological space, and α :G×X→X is a continuous action.
If G is a topological group then by e we always will denote the unity of G.
If X is a G-space, for any x ∈ X we denote Gx = {g ∈ G: gx = x}, the stabilizer (or
stationary subgroup) of x . When for all x ∈X, Gx = {e}, the trivial subgroup of G, then
we say that the G-action is free and X is a free G-space. If in X there is a unique point
a ∈ X with Ga = G and Gx = {e} for all x ∈ X \ {a} then we say that the G-action is
based-free and X is a based-free G-space.
For a subset S ⊂X and a subgroup H ⊂G, H(S) denotes the H -saturation of S, i.e.,
H(S)= {hs: h ∈H, s ∈ S}. In particular G(x) denotes the G-orbit {gx ∈X: g ∈G} of x .
If H(S)= S then S is said to be an H -invariant set. The G-orbit space is denoted by X/G.
By G/H we will denote the G-space of cosets {gH : g ∈G} under the action induced
by left translations.
For each subgroup H ⊆ G, the H -fixed point set X[H ] is defined to be the set
{x ∈X: H ⊆Gx}.
The family of all subgroups of G which are conjugate to H is denoted by (H), i.e.,
(H)= {gHg−1: g ∈G}. We will call (H) a G-orbit type (or simply an orbit type); if H is
compact then we call (H) a compact orbit type.
Since Ggx = gGxg−1 for any x ∈X and g ∈G, we have (Gx)= {Ggx: g ∈G}.
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We say that an orbit type (H) occurs in X if (Gx)= (H) for some x ∈X. By Orb(X)
we will denote the set of all orbit types occurring in X.
A metric ρ on a G-space X is called invariant or G-invariant if ρ(gx,gy) = ρ(x, y)
for all g ∈ G; x, y ∈ X. It is well-known that on each metrizable G-space there exists a
compatible invariant metric provided G is compact (see, e.g., [34, Proposition 1.1.12]).
Let G be a locally compact group and X be a G-space. Two subsets U and V in
X are called thin relative to each other [35, Definition 1.1.1] if the set 〈U,V 〉 = {g ∈
G: gU ∩ V 
= ∅} has compact closure in G. A G-space X is Bourbaki proper [13,
Ch. III, §4.4] if any two points of X have relative thin neighborhoods. In the language
of topological dynamics the dynamical systems (= R-spaces) satisfying this condition
are called dispersive [12, Ch. IV]. Note that a G-space is Bourbaki proper iff the map
G×X→X ×X, (g, x) → (gx, x) is perfect in the sense that it is closed and the inverse
image of any compact set is compact [13, Ch. III, §4.4].
A subset U of a G-space X is called small if every point in X has a neighborhood
thin relative to U . A G-space X is called Palais proper if every point in X has a small
neighborhood [35, Definition 1.2.2]. Clearly, Palais proper implies Bourbaki proper. For
X a locally compact G-space the two notions coincide (see, e.g., [35, Theorem 1.2.9]). In
general, a G-space is Palais proper iff it is Bourbaki proper and the orbit space X/G is
regular [35, p. 303]. An example of a Bourbaki proper G-space with a non-regular orbit
space can be found in [33, §2.4]. Each orbit in a Palais proper G-space is closed, and
each stabilizer is compact [35, Proposition 1.1.4]. Clearly, if G is compact every G-space
is Palais proper. Furthermore, if X is a compact Palais proper G-space then G has to be
compact too.
Important examples of Palais proper G-spaces are the coset spaces G/H with H a
compact subgroup of a locally compact group G. Other interesting examples the reader
can find in [1,2,10,19].
In the sequel we will use the term “proper G-space” only for Palais proper G-spaces.
Throughout the paper we are specially interested in the following classes of proper G-
spaces:
(1) G-M—all metrizable proper G-spaces X that admit a G-invariant metric;
(2) G-P—all paracompact proper G-spaces having a paracompact orbit space;
(3) G-N—all normal proper G-spaces having a normal orbit space.
Palais [35, Theorem 4.3.4] has proved that G-M includes all separable, metrizable
proper G-spaces provided G is a Lie group. It is easily seen that G-M ⊂ G-P . The
question whether G-P (respectively, G-M) coincides with the class of all paracompact
(respectively, all metrizable) proper G-spaces still remains open. There is a conjecture by
Hájek [19] and by Abels [2] that G-P coincides with the class of all paracompact proper
G-spaces whenever G is a connected, locally compact group.
Another important subclass of G-M constitute the twisted products G×K Y , where G
is a locally compact, metrizable group,K is a compact subgroup of G and Y is a metrizable
K-space. It is known from [1] that if G is a locally compact group having a compact space
of connected components then each X ∈G-M has the form G×K Y with K a compact
maximal subgroup of G.
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Recall that G×K Y is the orbit space of the K-space G× Y , where K acts on G× Y
by k(g, y) = (gk−1, ky). Further, there is a natural action of G on G ×K Y given by
g′[g,y] = [g′g,y] where [g,y] denotes the K-orbit of (g, y) ∈ G × Y . In what follows
we will identify Y as a K-space with its K-homeomorphic copy {[e, y] ∈G×K Y : y ∈ Y }
lying in G×K Y .
Lemma 1.1. Let G be locally compact, metrizable group, K be a compact subgroup of G
and Y be a metrizable K-space. Then G×K Y belongs to G-M.
Proof. We have the G-equivariant map p :G×K Y →G/K , p([g,y])= gK . Since G/K
is a proper G-space we conclude that so is G ×K Y . Let us show that G ×K Y admits
a compatible G-invariant metric. To do this, we first choose a left invariant metric, say
ρ′, on G [21, Ch. II, Theorem 8.3]. Then the formula ρ(g,g′)= sup{ρ′(gk, g′k): k ∈K}
defines a metric on G which is left invariant under G and right invariant under K , i.e.,
ρ(tgk, tg′k) = ρ(g,g′) for all t, g, g′ ∈ G; k ∈ K . By compactness of K , there exists a
K-invariant metric, say d , on Y [34, Proposition 1.1.12]. For (g, y), (g′, y ′) ∈G× Y we
set
ν
(
(g, y),
(
g′, y ′
))= ρ(g,g′)+ d(y, y ′).
Then ν is a K-invariant compatible metric on the K-space G× Y . Therefore, according to
a well-known fact (see, e.g., [34, Proposition 1.1.12]), ν induces a compatible metric ν˜ on
the orbit space G×K Y = (G× Y )/K by the rule:
ν˜
([g,y], [g′, y ′])= inf{ν((g, y), (g′k−1, ky ′)): k ∈K}.
Furthermore, the left invariance of ρ implies that the metric ν satisfies the condition
ν
(
(tg, y),
(
tg′, y ′
))= ν((g, y), (g′, y ′)), for all g,g′, t ∈G, y,y ′ ∈ Y,
which in its turn yields the G-invariance of the metric ν˜ on G×K Y . ✷
Let us recall also the well-known definition of a slice [35, p. 305]:
Definition 1.2. Let G be a topological group, H be a closed subgroup of G and X be a
G-space. An H -invariant subset S ⊂X is called an H -slice in X if G(S) is open in X and
there is a G-equivariant map f :G(S)→ G/H such that S = f−1(eH). The saturation
G(S) will be said to be a tubular set. For any neighborhood O of unity e ∈G the (open)
set OS = {gx: g ∈O, x ∈ S} will be called a tubular segment.
If G(S) = X then we say that S is a global H -slice of X. If H = Gx for some x ∈ S
then we say that S is a slice at the point x .
Lemma 1.3 [2]. Let G be a locally compact group, H be a compact subgroup of G, X
be a proper G-space and f :X→G/H be a G-map. Let S = f−1(eGa). Then the map
ξ :G ×H S → X defined by ξ([g, s]) = gs is a G-homeomorphism and ξf = p, where
p :G×H S→G/H is given by p([g, s])= gH .
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The following important result of Palais [35, Proposition 2.3.1] plays a central rule in
our proofs:
The Slice Theorem 1.4. Let G be a Lie group, X be a proper G-space and a ∈X. Then
there exist an invariant neighborhoodU of x and an equivariant map f :U →G/Ga such
that f (a)= eGa .
2. G-cones
In what follows for a given space X we will denote by con(X) the quotient set [0,1] ×
X
/{0} × X equipped with the weak topology. The image of a point (t, x) ∈ [0,1] × X
under the canonical projection p : [0,1]×X→ con(X) will be denoted by tx , and we will
write simply θ (think of zero) instead of 0x; this is the vertex of the cone. Analogously, for
any A⊂ [0,1] and B ⊂X we will write A ·B = {ab: a ∈ A, b ∈ B}. Recall that a subset
U ⊂ con(X) containing the vertex of con(X) belongs to the weak topology iff p−1(U) is
open in [0,1] ×X and there is an ε > 0 with [0, ε)×X ⊂ p−1(U). If U does not contain
the vertex, then it belongs to the weak topology iff p−1(U) is open in [0,1] ×X.
It is easy to see that the weak topology is weaker than the quotient topology, and the two
topologies on con(X) coincide whenever X is compact.
The importance of con(X) were singled out by Dydak [16]. Also it was noted by him
that the weak topology on con(X) is metrizable whenever X is so [16, p. 230]. However,
in the sequel we will need the following more precise result:
Proposition 2.1. Let d be a compatible metric on X with d(x1, x2) 1. Then
(1) the formula
d∗(t1x1, t2x2)=
√
t21 + t22 − 2t1t2 cos
(
d(x1, x2)
)
defines a metric on con(X);
(2) for any t1x1, t2x2 ∈ con(X) the following inequalities hold:
|t1 − t2|2 + t1t22
(
d(x1, x2)
)2  (d∗(t1x1, t2x2))2
 |t1 − t2|2 + t1t2
(
d(x1, x2)
)2;
(3) d∗ generates the weak topology of con(X);
(4) d∗ is complete iff d is so.
Proof. (1) Only the triangle inequality requires a verification. For, let tixi ∈ con(X),
i = 1,2,3. Consider a spherical triangle ABC (possibly degenerated) constituted by large
circles of the unit sphere in R3 such that the arcs (the edges of  ABC) -AB, -BC and -AC
have the lengths d(x1, x2), d(x2, x3) and d(x1, x3), respectively. As d  1, such a triangle
exists. Let O denote the center of the unit sphere. Choose the points E ∈ OA, F ∈ OB and
L ∈ OC such that |OE| = t1, |OF| = t2 and |OL| = t3. Then in the ordinary triangle  EFL
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one has: |EF| = d∗(t1x1, t2x2), |FL| = d∗(t2x2, t3x3) and |EL| = d∗(t1x1, t3x3). Now the
result follows.
(2) follows immediately from inequalities 1− 12α2  cosα  1− 14α2 for all 0 α  1.
(3) is immediate from (2).
(4) is immediate from (2). ✷
If X is a G-space with G any topological group, then con(X) becomes a G-space with
respect to the action defined as follows: g(tx)= t (gx); g ∈G, tx ∈ con(X). If in addition
X is metrized by a G-invariant metric d with d  1, then it is easily seen that the induced
metric d∗ on con(X) is also G-invariant and d∗ 
√
2.
The following useful result is well-known in the non-equivariant case (see, e.g., [31,
Theorem 5.4.2]) and it extends easily to the equivariant case. The simple proof stated
below is just an “equivariantization” of that in [16, Theorem 2.9]. The same proof can
be extracted also from [14, Ch. II, Proof of Lemma 9.4].
Proposition 2.2. Let G be an arbitrary group, G-K be any of the classes G-M, G-P and
G-N . If X ∈G-ANE(K) then con(X) ∈G-AE(K).
Proof. Let Y ∈ G-K, B be a closed invariant subset of Y and f :B → con(X) be a G-
map. Let f1 be the composition of f and the projection π1 : con(X) → [0,1]. Using
the normality of Y/G we can extend f1 to an invariant map ϕ :Y → [0,1]. Let U =
ϕ−1((0,1]). We claim that U ∈ G-K. Indeed, for G-M the claim is evident. If Y ∈ G-
N (respectively Y ∈ G-P) then U is normal (respectively paracompact), being an Fσ -
subset of Y . By the same reason the orbit space U/G is normal (respectively paracompact)
whenever Y/G is so. Thus U ∈G-K.
Let f2 = π2f |U∩B where π2 : (0,1] · X → [0,1] is the projection. Since U ∈ G-
K, U ∩ B is a closed invariant subset of U and X ∈ G-ANE(K), then the map f2 has
a G-extension F2 :V → X defined on some G-invariant neighborhood V of B ∩ U in
U . Choose a G-invariant continuous function λ :U → [0,1] such that λ|U\V = 0 and
λ|B∩U = f2. This is possible by Tietze–Urysohn theorem as the orbit space U/G is normal
and ((U \V )∪ (B ∩U))/G is its closed subset. The desired G-extension F :Y → con(X)
is then defined by the rule:
F(y)=
{
λ(y)F2(y), if y ∈ V ,
θ, if y ∈ Y \ V
(we emphasize that just the consideration of the weak topology on con(X) guarantee the
continuity of F ). ✷
Corollary 2.3. Let G be a compact Lie group and H be its closed subgroup. Then
con(G/H) is a G-AE(N ).
Proof. By a result of Palais [34, Proposition 1.6.6], G/H ∈ ANE(N ). Now the claim
follows from Proposition 2.2. ✷
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Corollary 2.4. Let G be an arbitrary Lie group and H be its compact subgroup. Then
con(G/H) is a G-AE(P).
Proof. By a result of Elfving [17, pp. 23–24], G/H ∈ ANE(P). Then apply Proposi-
tion 2.2. ✷
Proposition 2.5. Let G be any topological group, {Xα: α ∈A} be any family of proper G-
spaces and let X = (∏α∈A con(Xα)) \ {∗}, where ∗ = (θα) with θα the vertex of con(Xα).
Then X is a proper G-space.
Proof. Claim. Let Z be a proper G-space. Then any point tz ∈ con(Z), different from the
vertex, has a small neighborhood.
Proof of Claim. Choose a small neighborhood Wz of z in Z and a neighborhood Ut of
t of the form either ( 12 t,1] or ( 12 t,1), depending on whether t = 1 or not. Then the set
Ut ·Wz is a small neighborhood of tz in con(Z). Indeed, if sy ∈ con(Z) is different from
the vertex, we choose a neighborhood Wy of y thin relative to Wz. Then the set Us ·Wy
is a neighborhood of sy in con(Z), and since 〈Ut ·Wz,Us ·Wy〉 = 〈Wz,Wy〉, we conclude
that Ut ·Wz is thin relative to Us ·Wy .
If sy = θ then the set U = (0, 14 t)Z ∪ {θ} is an invariant neighborhood of θ in con(Z),
disjoint from Ut ·Wz. Hence U is thin relative to Ut ·Wz . Claim is proved.
Now, let a = (tαxα) ∈X. Then there is an index α0 ∈A such that tα0 
= 0. By Claim the
point tα0xα0 has a small neighborhood Vα0 in con(Xα0). We assert that the set
V = Vα0 ×
∏
α 
=α0
con(Xα)
is a small neighborhood of a in X. In fact, as Vα0 does not contain the vertex of con(Xα0),
we see that V ⊂X, and clearly, a ∈ V . Now, if b = (sαyα) ∈ X is an arbitrary point then
the point sα0yα0 has a neighborhood Sα0 thin relative to Vα0 , being the latter one a small
subset of con(Xα0). If sα0 
= 0, then as is shown in the proof of Claim, Sα0 can be chosen
such that θα0 /∈ Sα0 . In this case the set
Q= Sα0 ×
∏
α 
=α0
con(Xα)
lies in X and is a neighborhood of b. Since 〈V,Q〉 = 〈Vα0 , Sα0〉 we conclude that 〈V,Q〉
has compact closure in G, and hence, Q is thin relative to V .
Now assume that sα0 = 0. As b ∈ X there is an index α1 ∈ A, different from α0, such
that sα1 
= 0. Set Sα1 = (0,1] ·Xα1 and
S = Sα0 × Sα1 ×
∏
α 
=α0,α1
con(Xα).
Then S is a neighborhood of b in X, and since 〈V,S〉 ⊂ 〈Vα0 , Sα0〉, we infer that 〈V,S〉
has compact closure in G; so S is thin relative to V . ✷
Proposition 2.6. Let G be a Lie group, {Xi : i = 1,2, . . .} be a sequence of completely
metrizable G-ANE(M)-spaces. Let X = (∏∞i=1 con(Xi)) \ {∗}, where ∗ = (θi) with θi the
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vertex of con(Xi). Then X is a G-ANE(M), homeomorphic to the Hilbert space l2(τ ) of
weight τ =wX in any of the following two cases:
(1) τ =ℵ0 and infinitely many of the X′is are non-compact,
(2) τ > ℵ0 and supi>n wXi = τ for every n 1.
Furthermore, if for every compact subgroup H ⊂G there are infinitely many indices i  1
such that the H -fixed point set Xi[H ] is nonempty, then X is a G-AE(M).
For the proof we shall need the following
Lemma 2.7. Let G be a locally compact metrizable group, X be a G-ANE(M)
(respectively, a G-AE(M)) space and K be a compact subgroup of G. Then X is a K-
ANE(M) (respectively, a K-AE(M)) space. In particular, X is an ANE(M) (respectively,
an AE(M)) space.
Proof. We consider only the “G-ANE” case. The “G-AE” case is similar.
Let Y be a metrizable K-space, A be its closed invariant subset and f :A→X be a K-
equivariant map. Consider the twisted product G×K Y . By Lemma 1.1, G×K Y belongs
to G-M. Next, we observe that G×K A is a closed G-invariant subset of G×K Y , and f
defines a G-equivariant map F :G×K A→X by F([g,a])= gf (a). As X ∈G-ANE(M),
F has a G-equivariant extension F ′ :U → X on some G-invariant neighborhood U of
G×K A in G×K Y . Let U ′ =U ∩Y and f ′ = F |U ′ (here we identify Y as a K-space with
its K-homeomorphic copy {[e, y]: y ∈ Y } lying in G×K Y ). Then f ′ is a K-equivariant
neighborhood extension of f . ✷
Proof of Proposition 2.6. It follows from Proposition 2.2 that
∏∞
i=1 con(Xi) is a G-
AE(M), yielding that X is a G-ANE(M). Next, each con(Xi) has the same weight
as its base Xi , and it follows from Proposition 2.1(4), that con(Xi) is also completely
metrizable. By Proposition 2.2, each con(Xi) is a G-AE(M), and hence by Lemma 2.7,
it is an AR for metrizable spaces. Observe also that con(Xi) is non-compact iff Xi is so.
Thus, we are in conditions to apply Torun´czyk’s theorem [36, Theorem 5.1], according to
which
∏∞
i=1 con(Xi) is homeomorphic to an infinite-dimensional Hilbert space of weight
= w(∏∞i=1 con(Xi)) = τ . But every infinite-dimensional Hilbert space of weight τ is
homeomorphic (even isometrically isomorphic) to the Hilbert space l2(τ ) [11, p. 43]. Now,
a result of Klee [26] to the effect that the complement of any point in a normed linear space
is homeomorphic to the whole space, yields the claim.
Let us pass to the property X ∈G-AE(M). We aim at applying the following result of
Abels [2, Theorem 4.4]: for a locally compact group G, a G-space Z is a G-AE(M) iff Z
is a K-AE(M) for each compact subgroup K ⊂G. In our case Z =X.
In order to show that X is a K-AE(M) we will apply the following
James–Segal Theorem [25, Proposition 4.1]. Let K be a compact Lie group and T be a
metrizable K-ANE(M). Then T is a K-AE(M) iff for every closed subgroup H ⊂K the
set of H -fixed points T [H ] = {t ∈ T : ht = t, ∀h ∈H } is an AE(M).
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Remark 2.8. Before proceeding with the proof it is in order to remark that in [25,
Proposition 4.1] the result originally was stated for paracompact K-ANE(P) spaces (even
in its fiberwise form). However, the proof in [25] serves for metrizable K-ANE(M) spaces
as well.
We continue the proof. In our case T = X. Since X is a G-ANE(M) then by Lemma
2.7, it is a K-ANE(M). So, James–Segal theorem is applicable here.
Let H ⊂ K be any closed subgroup. We first observe that con(Xi)[H ] = con(Xi [H ])
for each i  1 (we assume that the cone over an empty space is a singleton). This yields
that ( ∞∏
i=1
con(Xi)
)
[H ] =
∞∏
i=1
con
(
Xi[H ]
)
. (1)
Since Xi ∈ G-ANE(M) then by Lemma 2.7, Xi ∈ K-ANE(M). According to [5,
Theorem 7] it then follows that Xi[H ] ∈ ANE(M), implying con(Xi[H ]) ∈ AE(M).
Furthermore, con(Xi[H ]) is not a singleton wheneverXi([H ]) is non-empty. So, it follows
from the hypothesis that con(Xi[H ]) is not a singleton for infinitely many indices. Next, (1)
implies that (
∏∞
i=1 con(Xi))[H ] is a countable product of separable, completely metrizable
absolute retracts, infinitely many of which are non-degenerate (compact or not). If infinitely
many of the cones con(Xi[H ]) are non-compact, then using the above quoted theorem of
Torun´czyk, we conclude that (
∏∞
i=1 con(Xi))[H ] is an infinite-dimensional Hilbert space.
Since
X[H ] =
( ∞∏
i=1
con(Xi)
)
[H ] \ {∗},
we infer that X[H ], being homeomorphic to the complement of a point in an infinite-
dimensional Hilbert space, is itself homeomorphic to a Hilbert space (again, by making
use Klee’s theorem). By Dugundji Extension theorem [15] it then follows that X[H ] ∈
AE(M).
If there are only finitely many non-compact cones con(Xi [H ]), then by making use
of West’s theorem [39] to the effect that an infinite countable product of non-degenerate
compact AR’s is homeomorphic to the Hilbert cube Q, we conclude that( ∞∏
i=1
con(Xi)
)
[H ]
has the form T ×Q where T is an AR. Thus, we have X[H ] = (T ×Q) \ {∗}. As points
are Z-sets in the Hilbert cube, we infer that ∗ is a Z-set in T ×Q. Then by a result of
Henderson [20], (T ×Q) \ {∗} and T ×Q have the same homotopy type. Consequently
X[H ] = (T ×Q) \ {∗}, being a contractible ANE(M), is indeed an AE(M). Now James–
Segal theorem yields that X ∈ K-AE(M), which completes the proof of Proposition
2.6. ✷
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3. Universal Tychonoff proper G-spaces
Theorem 3.1. Let G be a Lie group, X be a proper G-space, F ⊂ X be a closed subset
and a ∈X \F be an arbitrary point. Then there exists a G-map f :X→ con(G/Ga) such
that f (a) 
= θ and f (a) /∈ f (F ).
Proof. By Slice Theorem 1.4, there exist a G-neighborhood V of a and a G-map ϕ :V →
G/Ga such that ϕ(a)= eGa . By continuity of the action there are a neighborhood O of
unity ofG and a neighborhoodU of a in X such that OU ⊂X\F . Taking into account that
the stabilizer Ga is compact, one can assume that U is Ga -invariant. Set S = ϕ−1(eGa),
Q= S ∩U and W =G(Q). Then the restriction ψ = ϕ|W :W →G/Ga is a G-map with
ψ−1(eGa) = Q and OQ ⊂ X \ F . Further, by Lemma 1.3, V can be identified as a G-
space with the twisted product G ×Ga S. Since Q is open in S and since the Ga-orbit
map G× S →G×Ga S = V is an open map, we conclude that the set W =G(Q) is an
open invariant neighborhood of G(a) in V , and hence, in X. Hence Q is a Ga-slice in
X, and by Lemma 1.3, G(Q) has the form G×Ga Q. This yields that the set ψ(OQ) is
open in G/Ga . We claim that ψ(OQ) ∩ ψ(F ∩W) = ∅. Indeed, assume the contrary is
true. Then ψ(tx) = ψ(gy) for some t ∈O , g ∈G and x, y ∈Q with gy ∈ F ∩ V . By the
equivariance of ψ one has tψ(x) = gψ(y). As ψ(x) = ψ(y) = eGa it then follows that
g = hy for some h ∈Ga ; so gy = thy ∈ tQ. But tQ⊂OQ⊂X \F , which contradicts to
gy ∈ F . This proves the claim.
Choose a G-invariant continuous function λ :X → [0,1] such that λ|X\W = 0 and
λ|G(a) = 1. This is possible because the orbit space of a Tychonoff proper G-space is a
Tychonoff space [35, Proposition 1.2.8]. Define a G-map f :X→ con(G/Ga) by putting:
f (x)=
{
λ(x)ψ(x), for x ∈W ,
θ, for x ∈X \W .
Check f is the desired map. As f (F ∩W)⊂ (0,1] ·ψ(F ∩W) and f (F ∩ (X \W))= θ ,
we see that f (F )⊂ [0,1] ·ψ(F ∩W). On the other hand (0,1] ·ψ(OQ) is a neighborhood
of f (a) in con(G/Ga). As ψ(OQ) and ψ(F ∩W) are disjoint in G/Ga we infer that the
sets (0,1] · ψ(OQ) and [0,1] · ψ(F ∩ W) are disjoint in con(G/Ga). This yields that
f (a) /∈ f (F ). It remains to observe that f (a)= 1 · eGa 
= θ . ✷
Let G be a Lie group and H = {(H1), . . . , (Hn), . . .} be a sequence of compact orbit
types. We fix once and for all in each (Hi) a representative, say Hi ∈ (Hi). We shall
denote below by T (H) the product ∏∞i=1 con(G/Hi) endowed with the diagonal action
of G. For every infinite cardinal τ we will denote by ∗ the vertex of the power T (H)τ ,
i.e., each coordinate of ∗ is equal to the vertex of the corresponding cone. Observe that
∗ is the unique G-fixed point of T (H)τ . We shall denote by T∞(H, τ ) the complement
T (H)τ \ {∗}.
Corollary 3.2. Let G be a Lie group and H = {(H1), . . . , (Hn), . . .} be a sequence of
compact orbit types. Then for each proper G-space X with Orb(X) ⊂ H the set of all
G-maps X→ T (H) separates points from closed sets in X.
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Proof. Let F ⊂ X be a closed subset and a ∈ X \ F be a point. By Theorem 3.1
there is a G-map f :X → con(G/Ga) with f (a) /∈ f (F ). As (Ga) ∈ H, there is a G-
homeomorphism h′ :G/Ga → G/Hk for some (Hk) ∈ H. There is a canonical conic
extension of h′ to a G-homeomorphism h : con(G/Ga)→ con(G/Hk). Now the G-map
ϕ = hf :X→ con(G/Hk) satisfies ϕ(a) /∈ ϕ(F ). Let j : con(G/Hk) ↪→∏∞i=1 con(G/Hi)
be the natural G-embedding. Then for the map ψ = jϕ :X→∏∞i=1 con(G/Hi) one has
ψ(a) /∈ ψ(F), which proves the result. ✷
Corollary 3.3. Let G be a Lie group, X be a free (respectively, a based-free) proper G-
space, F ⊂X be a closed subset (respectively, a singleton) and a ∈X \ F be an arbitrary
point. Then there exists a G-map f :X→ con(G) such that f (a) /∈ f (F ).
Proof. The first assertion is immediate from Theorem 3.1.
The second one is still easier. Indeed, if X is a based-free G-space and F = {b} then
a 
= b, and hence, at least one of the points a and b has a trivial stabilizer. Assume that
Ga is trivial. By Slice Theorem 1.4, there exist a G-neighborhood V of a and a G-
map ϕ :V →G such that ϕ(a)= e and b /∈ V . Choose a G-invariant continuous function
λ :X→ [0,1] such that λ|X\V = 0 and λ|G(x) = 1. Define a G-map f :X→ con(G) by
putting: f (x)= λ(x)ϕ(x) for x ∈ V and f (x) = θ for x ∈ X \ V . Evidently, f is the
desired map. ✷
The following result can be regarded as an equivariant version of the classical Tychonoff
Embedding theorem:
Theorem 3.4. Let G be a Lie group, H = {(H1), . . . , (Hn), . . .} be a sequence of orbit
types and τ be an infinite cardinal. Then
(1) if G is compact, each G-space X with w(X)  τ and Orb(X) ⊂ H admits an
equivariant embedding into the product T (H)τ . Furthermore, T (H)τ is a G-
AE(N ), homeomorphic with the Tychonoff cube I τ ;
(2) if G is non-compact, each proper G-space X with w(X)  τ and Orb(X) ⊂ H
admits an equivariant embedding into the proper G-space T∞(H, τ )= T (H)τ \ {∗}.
Furthermore, T∞(H, τ ) is a G-ANE(P), homeomorphic with Rτ \ {0}.
Proof. (1) As G-maps X→ T (H) separate points from closed sets in X (Corollary 3.2),
by applying a well-known trick [18, p. 115], we can choose a family F of G-maps X→
T (H) which still separates points from closed sets in X and has cardinality |F | = τ . As
it is well-known [18, Theorem 2.3.20], the diagonal product of F gives then a topological
embedding i :X ↪→ T (H)τ . As all maps in F are equivariant, i is equivariant as well.
Since each con(G/Hi) is a G-AE(N ) (see Proposition 2.2), we conclude that T (H)τ is a
G-AE(N ). As each con(G/Hi) is a non-degenerate compact AR, according to a result of
West [39], T (H) is a Hilbert cube. Therefore T (H)τ is homeomorphic to the Tychonoff
cube I τ .
(2) As above, X admits an equivariant embedding into T (H)τ . But an embedding
preserves the stabilizer, and since each stabilizer in X is compact, we conclude that X
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is embedded in fact into T∞(H, τ ) (use the fact that ∗ is a G-fixed point in T (H)τ ).
By Proposition 2.5, T∞(H, τ ) is a proper G-space. As each con(G/Hi) is a G-AE(P)
(Corollary 2.4), we conclude that T (H)τ is a G-AE(P). Now, T∞(H, τ ) is a G-ANE(P),
being open and invariant in T (H)τ . To show that T∞(H, τ ) is homeomorphic with
R
τ \ {0} it suffices to see that T (H)τ is homeomorphic with Rτ . To this end, observe
that each con(G/Hi) is a non-compact, separable, completely metrizable AR space (see
Corollary 2.4 and Lemma 2.7). Hence by a result of Torun´czyk [36, Theorem 5.1], T (H)
is homeomorphic with the Hilbert space l2, which in its turn, by Anderson’s theorem [3] is
homeomorphic with Rℵ0 . Then T (H)τ is homeomorphic with Rτ . ✷
Analogously, Corollary 3.3 yields the following
Corollary 3.5. Let G be a Lie group and τ be an infinite cardinal. Then
(1) if G is compact, each free (respectively, based-free compact) G-space X of
weight w(X)  τ admits an equivariant embedding into the product (con(G))τ .
Furthermore (con(G))τ is a G-AE(N ), homeomorphic with the Tychonoff cube I τ ;
(2) if G is non-compact, each free proper G-space X of weight w(X)  τ admits
an equivariant embedding into the free, proper G-space (con(G))τ \ {∗}, where
∗ denotes the unique G-fixed point of (con(G))τ . Furthermore (con(G))τ \ {∗} is a
G-ANE(P), homeomorphic with Rτ \ {0}.
In connection with Theorem 3.4 the following question arises: does there exists a
universal proper G-space for the class of all proper G spaces of weight  τ?
To answer the question we should prove previously the following
Proposition 3.6. Let G be a Lie group. Then it has at most countably many compact orbit
types.
Proof. (1) We first consider the special case when G has a finite number of connected
components. In this case it is known that G has a maximal compact subgroup K , i.e., each
compact subgroup H ⊂ G is conjugate to a subgroup of K [23, Ch. XV, Theorem 3.1].
Also it is known that each compact Lie group has at most countably many compact orbit
types [34, Corollary 1.7.27]. Now the result follows immediately.
(2) Let G be an arbitrary Lie group. Assume the contrary, that there are uncountably
many different compact orbit types {(Hα): α ∈ A} in G. Let G0 be the connected
component of the unity of G and p :G→ G/G0 be the canonical homomorphism. As
G/G0 is a countable discrete group and Hα is compact, we conclude that for every α ∈A,
p(Hα) is a finite subgroup of G/G0. Since G/G0 may have at most countably many
finite subgroups, we infer that there are an index α0 and an uncountable subset A1 ⊂ A
such that p(Hα0) = p(Hα) for all α ∈ A1. Let F = Hα0 · G0. Then F is a Lie group
with F/G0 = p(Hα0), so F has a finite number of connected components. On the other
hand, Hα ⊂ F for each α ∈ A1. Thus, being a Lie group with finitely many connected
components, F contains uncountably many different compact orbit types. This contradicts
to Case 1. ✷
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Proposition 3.6 and Theorem 3.4(2) yield the following
Theorem 3.7. Let G be a non-compact Lie group, H = {(H1), . . . , (Hn), . . .} be the
sequence of all compact orbit types of G and let τ be an infinite cardinal. Then the
proper G-space T∞(H, τ ) is universal in the class of all proper G-spaces of weight  τ .
Furthermore, T∞(H, τ ) is a G-ANE(P), homeomorphic with Rτ \ {0}.
In the countable weight we have the following:
Theorem 3.8. Let G be a non-compact Lie group, H = {(H1), . . . , (Hn), . . .} be the
sequence of all compact orbit types of G. Then the proper G-space T∞(H,ℵ0) is universal
in the class of all separable, metrizable, proper G-spaces. Furthermore, T∞(H,ℵ0) is a
G-AE(M), homeomorphic with the Hilbert space l2.
Proof. It follows from Theorem 3.7 that the proper G-space T∞(H,ℵ0) is universal in
the class of all separable, metrizable, proper G-spaces. The second claim is immediate
from Proposition 2.6. Indeed, check its hypotheses are fulfilled in this case. Each coset
space G/Hi is a G-ANE(P) (Corollary 2.4), and by locally compactness, it is completely
metrizable. On the other hand, if H is a compact subgroup ofG thenH = gHig−1 for some
(Hi) ∈ H and g ∈ G. Therefore
(
G/Hi)[H ] 
= ∅ (gHi is an H -fixed point in G/Hi ). It
remains to observe that every con(G/Hi) is repeated infinitely many times in the definition
of T (H)ℵ0 . ✷
Corollary 3.9. On the Hilbert space l2 there exists a dispersive dynamical system
(R, l2, α), universal for all separable, metrizable, dispersive dynamical systems having
a regular orbit space. Furthermore, (R, l2, α) is an R-AE(M).
Proof. Let (R, l2, α) be the universal proper G-space constructed in Theorem 3.8 with
G = R. Then (R, l2, α) is a dispersive dynamical system, universal in the class of all
separable, metrizable, proper R-spaces. Besides, (R, l2, α) is an R-AE(M). It remains
only to observe that a dispersive dynamical system has a regular orbit space iff it is a
proper R-space (see, e.g., [35, Proposition 1.2.5]). ✷
Theorem 3.8 allows to give a shorter proof of the following result of Palais [35,
Theorem 4.3.4]:
Corollary 3.10. Let G be a Lie group. Then each separable, metrizable, proper G-space
X admits an invariant compatible metric.
Proof. By Theorem 3.8, X can be embedded equivariantly into the G-space T∞(H,ℵ0)⊂
T (H)ℵ0 , whereH= {(H1), . . . , (Hn), . . .} is the sequence of all compact orbit types of G.
Choose on every coset space G/Hi a G-invariant metric di (see [28] or [35]). Without loss
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of generality on can assume that di  1. Then the metric d∗i defined in Proposition 2.1, is
in addition G-invariant and has a diameter 
√
2. Now the well-known formula
ρ(x, y)=
∞∑
i=1
d∗i (xi, yi)
2i
defines a compatible metric on T (H)ℵ0 , where x = (xi), y = (yi) ∈ T (H)ℵ0 . Clearly, ρ is
also G-invariant, and in its turn, it induces a compatible G-invariant metric on X. ✷
4. Universal metrizable proper G-spaces
In this section we shall define the “equivariant hedgehog space” and prove for any Lie
group G the existence of a universal proper G-action on the infinite-dimensional Hilbert
space l2(τ ) of a given weight τ (see [11, p. 37]).
Let G be a Lie group. As we know from Proposition 3.6, G may have at most countably
many compact orbit types. Suppose that H = {(H1), . . . , (Hn), . . .} is any sequence of
compact orbit types of G. On each coset space G/Hi we fix a G-invariant metric ρi with
ρi  1 (which exists, for instance, according to [28] or [35]) and consider on the cone
con(G/Hi) the G-invariant metric ρ∗i defined in Proposition 2.1. Now let τ be an infinite
cardinal. For each integer i we consider a set Ai consisting of τ copies of con(G/Hi). Let
A =⊔∞k=1 Ak , the disjoint union. We paste together all the cones con(G/Hα), α ∈ A at
their vertices and denote the resulting factor set by J (H, τ ). Define a metric ρ on J (H, τ )
as follows: for any two points tx ∈ con(G/Hα) and t ′y ∈ con(G/Hβ) we set
ρ
(
tx, t ′y
)= {ρ∗α(tx, t ′y), if α = β,
t + t ′, if α 
= β.
Evidently, ρ is a G-invariant metric. The set J (H, τ ) equipped with the metric ρ and with
the unique action of G, relative to which all the cones con(G/Hα) are invariant subspaces
of J (H, τ ), is a G-space, which we will call a metric G-hedgehog of type H and of
spininess τ . Clearly the weight wJ(H, τ ) = τ . When G is a trivial group then J (H, τ )
is just the well-known “metric hedgehog space of spininess τ” (see [18, p. 314]).
Let ∗ be the vertex of the countable power J (H, τ )ℵ0 , i.e., each coordinate of ∗ is equal
to the vertex of J (H, τ ). Observe that ∗ is the unique G-fixed point of J (H, τ ). We shall
denote by J∞(H, τ ) the complement J (H, τ )ℵ0 \ {∗}.
Theorem 4.1. Let G be a Lie group,H= {(H1), . . . , (Hn), . . .} be a sequence of compact
orbit types of G and τ be an infinite cardinal. As before, let G-M be the class of all
metrizable proper G-spaces that admit a G-invariant metric. Then
(1) J∞(H, τ ) is a proper G-ANE(M) space, homeomorphic to the Hilbert space l2(τ );
(2) if for every compact subgroup H ⊂G there is an (Hi) ∈H such that (H) (Hi),
then J∞(H, τ ) is a G-AE(M);
(3) each X ∈G-M with wX  τ and Orb(X) ⊂H admits an equivariant embedding
into J∞(H, τ ).
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For the proof we need several lemmas.
Lemma 4.2. Let G be a Lie group, X be a proper G-space and {Uα} be a family of open
invariant subsets of X such that the family {Uα/G} forms a base for the orbit space X/G.
Then for any a ∈ X and any neighborhood V of a in X there exist a Ga-slice S at the
point a, a neighborhood O of unity in G, and an element Uλ ∈ {Uα} such that OS ⊂ V
and G(S)=Uλ.
Proof. Choose a neighborhood of the unity O ⊂ G and a neighborhood U ⊂ X of a
such that OU ⊂ V . As the stabilizer Ga is compact, without loss of generality, one can
suppose that U is Ga-invariant. By Slice Theorem 1.4, there exists a Ga -slice S1 at the
point a. Since {Uα/G} forms a base of X/G there is an element Uλ ∈ {Uα} such that
G(x)⊂Uλ ⊂G(S1). Putting S =U ∩Uλ ∩ S1 we get a Ga-slice S at a with OS ⊂ V and
G(S)=Uλ (the openness of G(S) follows from Lemma 1.3). ✷
Lemma 4.3. Let G be a Lie group, X be a G-space from G-M and {Uα} be a family of
tubular subsets of X. If {Uα/G} forms a base for X/G, then one can associate with each
Uα an Hα-slice Sα and a G-map fα :X→ con(G/Hα) such that
(1) Hα occurs in Uα as a stabilizer and G(Sα)=Uα ;
(2) X \Uα = f−1α (θα);
(3) the family {fα} separates points and closed subsets of X in the following sense: for
any closed set F ⊂X and any point a ∈X \F there is a G-map fλ ∈ {fα} such that
fλ(a) 
= θλ and fλ(a) /∈ fλ(F ).
Proof. For every index α, we consider the set Lα of all tubular segments OS = {gs: g ∈
G, s ∈ S}, where O is a neighborhood of the unity of G and S is some global H -slice for
Uα (with H a stabilizer occurring in Uα). Observe that Lα is non-empty, being Uα tubular
(see Definition 1.2). Fix an invariant metric d on X (this is possible as X ∈ G-M) and
write
ξα = inf
{
diam(OS): OS ∈Lα
}
.
We claim that ξα = 0 iff Uα contains only one orbit. The “if” part is evident. Now assume
that ξα = 0. Then there are a point a ∈Uα and a sequence of Hn-slices Sn, n= 1,2, . . . , at
the point a such that G(Sn)= Uα and diamSn < 1/n; n= 1,2, . . . . Pick a point x ∈ Uα .
As Uα =G(Sn) for every n 1, there exist gn ∈G and sn ∈ Sn such that x = gnsn. Then
sn = g−1n x , and we have that d(sn, a) 0, i.e., d(g−1n x, a) 0. Since the orbit G(x) is
closed in X, we infer that a ∈G(x), or equivalently, x ∈G(a). Thus Uα =G(a), proving
the claim.
If some Uα contains only one orbit then it is G-homeomorphic to G/Hα for some
compact subgroup Hα ⊂ G. In this case we fix a G-homeomorphism ϕα :Uα → G/Hα
and write Sα = ϕ−1α (eHα).
If Uα contains more than one orbit then ξα > 0 according to the claim above. In this case
we assign to Uα a tubular segment OαSα ∈ Lα with Sα a global Hα-slice of Uα (where Hα
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occurs as a stabilizer in Uα), for which diam(OαSα) < 2ξα . Let ϕα :Uα →G/Hα be the
corresponding G-map with ϕ−1α (eHα)= Sα .
Now, as the orbit space X/G is metric, there is a continuous function qα :X/G→
[0,1] such that q−1α ((0,1]) = Uα/G. The composition rα = qαp :X → [0,1], where
p :X → X/G is the orbit map, is then an invariant function with r−1α ((0,1]) = Uα .
Putting fα(x)= rα(x)ϕα(x) for x ∈ Uα , and fα(x)= θα for x ∈X \ Uα , we get a G-map
fα :X→ con(G/Hα).
We assert that the Sα’s and fα’s, defined as above, are the desired ones. One need
to check only the condition (3). For, let F ⊂ X be a closed set and a ∈ X \ F be an
arbitrary point. Choose ε > 0 such that the ε-neighborhood N(a, ε) of a lies in X \ F .
By Lemma 4.2, there are an element Uλ ∈ {Uα} and a tubular segment OS such that
a ∈ S ⊂OS ⊂N(a, 14ε) and G(S)=Uλ. Since diam(OS) < 12ε, it follows that ξλ < 12ε.
If ξλ > 0 and if OλSλ is the selected tubular segment corresponding to the set Uλ, then
diam(OλSλ) < ε. If ξλ = 0 then Uλ =G(a) and Sλ is a singleton. Clearly, in this case one
also can choose a tubular segmentOλSλ, open in Uλ and having diameter diam(OλSλ) < ε.
We show that fλ(a) /∈ fλ(F ). Assume that a ∈ gSλ for some g ∈G. By the invariance
of the metric d we have diam(gOλSλ) = diam(OλSλ), so gOλSλ ⊂ N(a, ε). On the
other hand, ϕλ(gOλSλ) is open in G/Hλ (this follows easily from Lemma 1.3). As
ϕλ(a) ∈ ϕλ(gOλSλ), it then follows that ϕλ(a) /∈ ϕλ(Uλ \ gOλSλ), and therefore, fλ(a) /∈
fλ(Uλ \N(a, ε)). Hence fλ(a) /∈ fλ(F ∩Uλ). Since fλ(F ∩(X\Uλ))= θλ, it then follows
that fλ(a) /∈ fλ(F ). To complete the proof we note that fλ(a) 
= θλ as rλ(a) 
= 0. ✷
Lemma 4.4. Let G be a Lie group, X be a proper G-space and B = {Uα} be a family of
open invariant subsets of X such that the family B/G= {Uα/G} forms a base for the orbit
space X/G. Let B′ be the subfamily of B consisting of all tubular sets Uλ ∈ B. Then B′/G
also forms a base for X/G.
Proof. Let V be an open set in X/G and G(x) ∈ V . By Slice Theorem 1.4, one can
choose a Gx -slice S at the point x ∈ X. As B/G is a base for X/G, there is a Uλ ∈ B
such that G(x) ∈ Uλ/G ⊂ p
(
G(S)
) ∩ V , where p :X → X/G is the orbit projection.
Consequently, G(x)⊂ Uλ ⊂G(S) ∩ p−1(V ). Set Q= S ∩Uλ. Then Q is a Gx -slice at x
and G(Q)=Uλ. Hence Uλ ∈ B′, yielding that Uλ/G ∈ B′/G. As G(x) ∈ Uλ/G⊂ V , the
proof is completed. ✷
Proof of Theorem 4.1. (1) follows directly from Propositions 2.5 and 2.6. Indeed,
consider the discrete sum
⊕
α∈AG/Hα of all coset spaces G/Hα involved in the definition
of J (H, τ ). It is easily seen that the two G-spaces J (H, τ ) and con(⊕α∈AG/Hα) are
naturally G-homeomorphic. It remains to observe that
⊕
α∈AG/Hα is a non-compact,
completely metrizable, properG-space, and it is a G-ANE(M) space (using Corollary 2.4).
(2) Follows from Proposition 2.6 and from the equality of G-spaces J (H, τ ) =
con(
⊕
α∈AG/Hα). In fact,
⊕
α∈AG/Hα is a completely metrizable G-ANE(M) space.
On the other hand, it follows from the hypothesis that for every compact subgroup H ⊂G
there is an (Hi) ∈H such that (G/Hi)[H ] 
= ∅ (see the proof of Theorem 3.8), implying
J (H, τ )[H ] 
= ∅. Now the result follows.
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(3) Since X/G is metrizable, it possesses a σ -discrete base (see [18, p. 315]). Hence,
there is a family B = {Uα: α ∈ A} of open invariant subsets of X such that the family
B/G= {Uα/G: α ∈ A} forms a σ -discrete base for X/G. By Lemma 4.4, without loss
of generality, one can assume that all the sets Uα ∈ B are tubular. One can assume also
that |A| =w(X/G)=wX. For every index α ∈A we choose an Hα-slice Sα and a G-map
fα :X→ con(G/Hα) satisfying the conditions of Lemma 4.3. Since each Hα occurs in Uα
(and hence, in X) as a stabilizer, we see that the orbit type (Hα) belongs toH. Suppose that
A=⊔∞i=1Ai and each family Bi = {Uα: α ∈ Ai} is discrete. For every i  1 we define a
G-map ψi :X→ J (H, τ ) by the rule:
ψi(x)=
{
fα(x), if α ∈Ai and x ∈ Uα ,
∗, if x ∈X \Uα .
As X \ Uα ⊂ f−1α (θα) and Bi is discrete, it then follows that ψi is a well-defined
continuous map. We verify that the family {ψi, i  1} separates points and closed sets
in X. Let F be a closed subset of X and a ∈ X \ F . Then fλ(a) /∈ fλ(F ) for some
index λ ∈ A with fλ(a) 
= θλ (see Lemma 4.3). Let λ ∈ Aj , j  1. We claim that then
ψj(a) /∈ ψj (F ). Indeed, since fλ(a) 
= θλ it follows that a ∈ Uλ, and then we have
ψj(a)= fλ(a) /∈ fλ(F )=ψj (F ∩Uλ). On the other hand,ψj (F ∩ (X \Uλ))= {θλ} while
ψj(a) = fλ(a) 
= θλ. Therefore ψj (a) /∈ ψj(F ). Now the diagonal product of the family
{ψi : i  1} is an equivariant embedding of X into the countable power J (H, τ )ℵ0 . As each
point x ∈ X belongs to some Uα and fα(x) 
= θ (see Lemma 4.3), we conclude that X is
embedded in fact into J∞(H, τ )= J (H, τ )ℵ0 \ {∗}. ✷
In conclusion let us pick out the following two important particular cases of Theorem 4.1
(the first one uses also Proposition 3.6):
Corollary 4.5. Let G be a Lie group, τ be an infinite cardinal and let J∞(G, τ) =
J∞(H, τ ), where H = {(H1), . . . , (Hn), . . .} is the sequence of all compact orbit types
of G. Then the proper G-space J∞(G, τ) is universal in the class of all proper G-spaces
X ∈G-M of weight wX  τ . Furthermore, J∞(G, τ) is a G-AE(M), homeomorphic to
the Hilbert space l2(τ ).
Corollary 4.6. Let G be a Lie group, τ be an infinite cardinal and let J∞(τ )= J∞(H, τ ),
where H is the singleton {(e)}. Then the free proper G-space J∞(τ ) is universal in the
class of all free proper G-spaces X ∈G-M of weight wX  τ . Furthermore, J∞(τ ) is a
G-ANE(M), homeomorphic to the Hilbert space l2(τ ) of weight τ .
Remark 4.7. Although our universal metric proper G-spaces are Hilbert spaces l2(τ ), the
action of G on l2(τ ) is not orthogonal in general. In his (her) careful report the referee
of this paper asked about the existence of an orthogonal action of G on l2(τ ) such that
l2(τ ) \ {0} is a universal proper G-space. We hope to present a corresponding paper in the
nearest future.
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